P-ADIC INTEGRATION ON RAY CLASS GROUPS AND 
NON-ORDINARY P-ADIC L-FUNCTIONS 

DAVID LOEFFLER 

Abstract. We study the theory of finite-order functions and distributions 
ff~J , on ray class groups of number fields, and apply this to the construction of 

(possibly unbounded) p-adic L-functions for automorphic forms on GL2 which 

C " ;) ' may be non-ordinary at the primes above p. As a consequence, we obtain a 

^^ "plus-minus" decomposition of the p-adic L-functions of automorphic forms 

, , , for GL2 over an imaginary quadratic field with p split and Hecke eigenvalues 

Q,' at the primes above p, confirming a conjecture of B.D. Kim. 

in 



t— ( I 1. Introduction 

P-adic i-functions attached to various classes of automorphic forms over number 
r^ ' fields are an important object of study in Iwasawa theory. In most cases, these p- 

adic L-functions are constructed by interpolating the algebraic parts of critical 
values of classical (complex-analytic) L-functions of twists of the automorphic form 
by finite-order Hecke characters of the number field. 

When the underlying automorphic form is ordinary at p, or when the number 
field is Q, this p-adic interpolation is very well-understood. However, the case of 
non-ordinary automorphic forms for number fields K ^ Q has received compara- 
tively little study. This paper grew out of the author's attempts to understand the 
(~^ ' work of Kim [KimllJ . who considered the L-functions of weight 2 elliptic modular 

Tij- , forms over imaginary quadratic fields. 

In this paper, we develop a systematic theory of finite-order distributions and p- 
f~^ , adic interpolation on ray class groups of number fields. Developing such a theory is 

CO ' a somewhat delicate issue, and appears to have been the subject of several mistakes 

in the literature to date; we hope this paper will go some way towards resolving 
the confusion. We then apply this theory to the study of p-adic L-functions for 
automorphic representations of GL2 over a general number field, extending the work 
of Shai Haran |Har87aJ in the ordinary case. Largely for simplicity we assume the 
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j^ , automorphic representations have trivial central character and lowest cohomological 

infinity-type (as in the case of representations attached to modular elliptic curves 
over K). 

Applying our theory to the case of K imaginary quadratic with p split in K, we 
obtain proofs of two conjectures. Firstly, we prove a special case of a conjecture 
advanced by the author and Zerbes in [LZll] . confirming the existence of two 
"extra" p-adic L-functions whose existence was predicted on the basis of general 
conjectures on Euler systems. Secondly, we consider the case when the Hecke 
eigenvalues at both primes above p are (the "most supersingular" case) ; in this 
case Kim has predicted a decomposition of the L-functions analogous to the "signed 
L-functions" of Pollack |Pol03] for modular forms. Using the additional information 
arising from our two extra L-functions, we prove Kim's conjecture, constructing four 
bounded L-functions depending on a choice of sign at each of the two primes above 

P- 
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2. Integration on p-adic groups 

In this section, we'll recall and slightly generalize some results concerning the 
space of locally analytic distributions on an abelian p-adic analytic group (the dual 
space of locally analytic functions); in particular, we are interested in when it is 
possible to uniquely interpolate a linear functional on locally constant functions by 
a locally analytic distribution satisfying some growth property. 

In this section we fix a prime p and a coefficient field E, which will be a complete 
discretely- valued subfield of Cp, endowed with the valuation Vp such that Vp{p) ~ 1. 

2.1. One-variable theory. We first recall the well-known theory of finite-order 
functions and distributions on the group Zp. 

For r G R>o, we define the space of order r functions C'^{Zp,E) as the space 
of functions Zp — )► £' admitting a local Taylor expansion of degree [rj at every 
point with error term o(z''), cf. jCollOl §1.5]. We write D^{Zp,E), the space of 
order r distributions, for the dual of C"'(Zp,_E) (the space of linear functionals 
C"'(Zp,_E) ^> E which are continuous with respect to the Banach space topology 
of C""(Zp, E); see op.cit. for the definition of this topology). 

We may regard the space C''*(Zp,£') of locally analytic E'-valued functions on 
Zp as a dense subspace of C"'(Zp, E) for any r, so dually all of the spaces I?''(Zp, E) 
may be regarded as subspaces of the -E-algebra D^^{Zip, E) of locally analytic distri- 
butions, the dual of C'^(Zp, E). It is well known that D^^{Zp, E) can be interpreted 
as the algebra of functions on a rigid-analytic space over E (isomorphic to the open 
unit disc), whose points parametrize continuous characters of Zp. 

It is clear that the above definitions extend naturally if Zp is replaced by any 
abelian p-adic analytic group of dimension 1, since any such group has a finite-index 
open subgroup H isomorphic to Zp; we say a function, distribution, etc has a given 
property if its puUback under the map Zp = a ■ i/ C G has it for every a 6 G/H. 

We define a locally constant distribution to be a linear functional on the space 
LC{G, E) of locally constant functions on Zp. This is clearly equivalent to the data 
of a finitely-additive £'-valucd function on open subsets of G, i.e. a "distribution" 
in the sensqj of some textbooks such as |Was97| . 

Definition 2.1. Let G be an abelian p-adic analytic group of dimension 1, and let 
/x he an E-valued locally constant distribution on G. We say fi has growth bounded 
by r if there exists C G R such that 

inf Vp p (la+p^H ) >C~rm 

aGZp 

for all m>0, where H is some choice of subgroup of G isomorphic to Zp. 

Remark 2.2. The definition is independent of the choice oi H, although the constant 
C may not be so. 

Theorem 2.3 (Amice- Velu, Vishik). Let G be an abelian p-adic Lie group of 
dimension 1. 



To avoid confusion wc shall not use the term "distribution" alone in this paper, but rather in 
company with an adjectival phrase, such as "locally analytic", and generally an "X distribution" 
shall mean "a continuous linear functional on the space of X functions" (with respect to some 
topology to be understood from the context). 
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(i) // /i e D^[G,E), then the restriction of fi to LC{G,E) has growth hounded 

by r. 
(ii) Conversely, if r < 1 and fi is a locally constant distribution on G with growth 

bounded by r, there exists a unique element fi G D^{G,E) whose restriction 

to LC{G,E) IS fi. 

Proof. This is a special case of [CoUOl Theoreme II. 3. 2]. D 

Remark 2.4. In the case r > 1, one can check that any locally constant distribution 
fi with growth bounded by r can be extended to an element /i G D''{G, E), but this 
is only uniquely defined modulo £qD^~^{G, E), where (.q is the order 1 distribution 
whose action on C^ functions is / iH> /'(O). 

2.2. The case of several variables. We now consider the case of functions of 
several variables. First we consider the group G = Zp, for some integer d>\. For 
simplicity, we shall assume henceforth that r < 1. 

Definition 2.5. Let d > 1 and let f : G -^ E be any continuous function. For 
TO > define the quantity e,n{f) by 

£m{f)= inf Vp[f{x + y)- f{x)]. 

We say f has order r if Emif) — fin — > cxd as m -^ oo. 

The space C'^{G,E) of functions with this property is evidently an i?-Banach 
space with the valuation 



vc-if) = inf mfvpifix)), inf (e„(/) - rm) 

\x^G m>0 

Remark 2.6. For d = 1 this reduces to the definition of the valuation denoted by 
VQr in [CoUO] : in op.cit. the notation vc- is used for another slightly different 
valuation on C(Zp, E), which is not equal to v'^r but induces the same topology. 

If we define, for any / e C^{G, E), a sequence of functions (/m)m>o by 

/™= X! "■ X! /(jl'---'^d)l(jl,...Jd)+P'"G, 

then it is clear from the definition of the valuation vc^ that we have /,„ -^ f{x) in 
the topology of C^{G, E), so in particular LC{G, E) is dense in C^{G, E). 

We define a space D^{G,E) as the dual of C^{G,E), as before. 

As in the case rf = 1 all of these constructions are clearly local on G and thus 
extenco to abelian groups having an open subgroup isomorphic to Z^. Since any 
abelian p-adic analytic group has this property for some d > 0, we obtain well- 
defined spaces C^lGjE) and dually D^{G,E) for any such group G. 

Remark 2.7. This includes the case where G is finite, so d = 0; in this case we clearly 
have have CiG, E) = G^'^iG, E) = Maps(G, E) and D'-iG, E) = D^'^iG, E) = E[G] 
for any r > 0. 

We now consider the problem of interpolating locally constant distributions by 
order r distributions. 



A little care is required here since for fc > 1 puUback along the inclusion Zp — V Tip is a 
continuous map C^{Zp,E) — > C^{Zp,E) but not an isometry if r ^ 0. So for a general G the 
space C^(G,E) has a canonical topology, but not a canonical valuation inducing this topology. 
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Definition 2.8. Let ^ be a locally constant distribution on G. We say that /i 
has growth bounded by r if there is a constant C and an open subgroup H of G 
isomorphic to TA such that 

inf VpH (la+p"_ff) > G ~rm 

for all m > 0. 

The natural analogue of the theorem of Amice- Velu-Vishik is the following. 

Theorem 2.9. Let G be an abelian p-adic analytic group, r € [0,1), and fi a 
locally constant distribution on G with growth bounded by r. Then there is a unique 
element fi G D^[G,E) whose restriction to LC{Zp, E) is fi. 

Proof. The proof of this result in the general case is very similar to the case d = 1. 
Clearly one may assume G — H — 7/i. One first shows that the space of locally 
constant functions on TA has a "wavelet basis" consisting of the indicator functions 
of the sets 

S{ii, ...,id) = (zi +/(*^)Zp) x -.-x fa+/fa)Zp) 
for ii, . . . ,id > 0, where £{n) is as defined in |CollOI §1.3]. One then checks that 
the functions 

er ■ \ ■= r)™PjL''^(*j)Jlc,- ■ ^ 

f=(ii,...,4d),r ■ F ^S{ii,...,id) 

form a Banach basis of C^{Zp,E), so a linear functional on locally constant func- 
tions taking bounded values on the e(ij _i^) ,, extends uniquely to the whole of 

c"-(z^,^). ' ' ' n 

Remark 2.10. The case when G = Ol, for some finite extension L/Qp, has been 
studied independently by De leso |Iesl2| . who shows the following more general 
result: a locally polynomial distribution of degree k which has growth of order r 
in a sense generalizing Definition 12.81 admits a unique extension to an element of 
D^{G, E) if (and only if) r < fc + 1. This reduces to the theorem above for k = 0. 

2.3. Groups with a quasi-factorization. The constructions we have used for C" 
and D^ seem to be essentially the only sensible approaches to defining such spaces 
which are functorial with respect to arbitrary automorphisms of G. However, if 
one assumes a little more structure on the group G then there are other possibil- 
ities, which allow a greater range of locally constant distributions to be p-adically 
interpolated. 

Definition 2.11. Let G be an abelian p-adic analytic group, and let q be the Lie 
algebra of G. A quasi-factorization of G is a decomposition Q = ^i)i of q as a 
direct sum of subspaces. 

If (f)i) is a quasi-factorization of G, we can clearly choose (non-uniquely) closed 
subgroups Hi (~ G such that \)i is the Lie algebra of Hi and J| Hi is an open 
subgroup of G. We shall say that [Hi) are subgroups compatible with the quasi- 
factorization (f)i). 

Definition 2.12. Let G be an abelian p-adic analytic group with a quasi-fact- 
orization f) — (f)i, . . . , [)g), and let {Hi, . . . , Hg) be subgroups compatible with f). Let 
f : G ^- E be continuous. Define 

£mi,...,mg(/) = inf Vp[f{x + y)- f{x)]. 

xeG 

We say f has order (ri, . . . , rg), where ri G [0, 1), if we have 

(1) £mu...,mg{f) - (riTOi H 1- rgTUg) -)■ oo 

as {mi, . . . , rUg) — > oo. 
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We define C^'^^-'---''^<'^G,E) to be the space of functions of order (ri, . . . , rg), 
equipped with the valuation given by 



^'(rl,...,r,)(/) = inf 



inf i;p(/(a;)), inf (£mi,...,mg(/) - (^iTOi H \- rgTUg)) 



which makes it into an i?-Banach space. We write D^^^'---''^<''>{G,E) for its dual. It 
is clear that as topological vector spaces these do not depend on the choice of the 

Remark 2.13. One can check that ii G = Hi x ■ ■ ■ x Hg, then C^''^ '■''■'') (G, £;) is 
isomorphic to the completed tensor product 

(g) C'^H,,E). 

l<i<g 

The spaces C'-^^''"'^^\G,E) are clearly invariant under automorphisms of G 
preserving the quasi-factorization f). 

Definition 2.14. Let G be an abelian p-adic analytic group with a quasi-factor- 
ization f) — (f)i, . . . , l}g), and let {Hi, . . . ,Hg) be subgroups compatible with f). Let 
fj, be a locally constant distribution on G. 

We say /i has growth bounded by (ri, . . . ,rd) if the following condition holds: 
there is a constant G such that for all mi, . . . , nig £ Z>o, we have 

™f "pM(la+(p"nHi)x-x(p'"sH,)) >G- {rimi -\ \-rgmg). 

It is clear that whether or not /i has growth bounded by (r^) does not depend 
on the choice of {Hi), although the constant G will so depend. 

Theorem 2.15. Suppose ^ is a locally constant distribution with growth bounded 
by {ri, . . . ,rg). Then there is a unique extension of fi to an element 

fieD^'-^—'-^\G,E). 
Proof. As usual it suffices to assume that G = HiX- ■ -x Hg. Then the isomorphism 

C(^i.-^r.)(G,E)= (g) G'''{H„E) 

l<i<g 

gives an explicit Banach space basis of G^'^^''"''^^'>{G,E), and the result is now 
clear. D 

Remark 2.16. The special case of Theorem 12.151 where G — Z^, with its natural 
quasi-factorization, is studied in §7.1 of [Kimllj . which was the inspiration for many 
of the results of this paper. 

3. Distributions on ray class groups 

We now consider the application of the above machinery to global settings. We 
give a fairly general formulation, in the hope that this theory will be useful in 
contexts other than those we consider in the sections below; sadly, this comes at 
the cost of somewhat cumbersome notation. 

Let if be a number field. As usual, we define a "modulus" of if to be a finite 
formal product Oi=i ''^?' where each Vi is either a finite prime of if or a real place 
of K, and Ui G Z>o, with n^ < 1 if Vi is infinite. We define a "pseudo-modulus" 
to be a similar formal product but with some of the Ui at finite places allowed to 
be oo. If f is a pseudo-modulus, then the ray class group of K modulo f is defined, 
and we denote this group by Gf. 
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Let 5^ be a pseudo-modulus of K, and let E be the finite set of primes p oi K 
such that p°° I g'. 

Let .F be a finite extension of either Q or of Qp for some prime p, and V a 
finite-dimensional i<"- vector space. Finally, let 5 = (^p)p6S be a family of non-zero 
elements of Op indexed by the primes in E. 

Definition 3.1. In the above situation, we define a ray class distribution modulo 
^ with growth parameter 5 and values in V to he the data of, for each modulus f 
dividing ^, an element 

$f e F[Gf] ®F V, 

such that: 

(1) We have Norml ^^ — $f for all pairs of moduli (f, f ) with f | f and f | '^. 

(2) There exists an Op -lattice AC]/ such that for every ^ \ ^, we have $f £ 
Of[G^] ®o^ ^f"'A, where 5^ = Ilpes '^p""'"^- 

We shall see in subsequent sections that systems of elements of this kind appear 
in several contexts as steps in the construction of p-adic i-functions attached to 
automorphic forms. 

Since the natural maps Gy — J> Gf for f | ^ are surjective, and Gj is equal to the 
inverse limit of the finite groups Gf over moduli f | 5^, condition ([!]) implies that we 
may interpret a ray class distribution as a locally constant distribution on G^ with 
values in V . Condition © can then be interpreted as a growth condition on this 
locally constant distribution. Our goal is to investigate how this interacts with the 
growth conditions studied in ^D above. 

If the coefficient field F is a number field, then choosing a prime q of F allows 
us to interpret V- valued ray class distributions as Vq -valued ray class distributions, 
where Vq = F^®pV . So we shall assume henceforth that F — E \s a. finite extension 
of Qp for some rational prime p, as in fJ^J 

We are primarily interested in the case when ^ = p°°Q for some modulus g, so 
S = Ep, the set of primes of K above p. In this case, we have an exact sequence 

^ ^B ^ n ^A-.p ^ Gp^g ^ G„ ^ 
peSp 

where £q is the closure of the image in rinGi; ^^ p '^^ ^^^ group of units of Ok 
congruenl|j to 1 modulo g. Since Gg is finite, this shows that Gp=og is a p-adic 
analytic group; and if 

peSp 

is an ideal dividing p°°, the kernel of the natural surjection Gpoog — > Gfg is the 
image H^ of the subgroup 

peSp peSp 

The subgroups H^ for f | p°° form a basis of neighbourhoods of 1 in Ggpoo , so 
we may regard a ray class distribution as a locally constant distribution on Ggpoo 
satisfying a boundedness condition relative to the subgroups H^. Our task is to 
investigate how this interacts with the boundedness conditions considered in fJD 
above. 



We adopt the usual convention in class field theory that if g is divisible by a real infinite place 
V, "congruent to 1 modulo d" means that the image of the unit concerned under the corresponding 
real embedding of K should bo positive. 
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3.1. Criteria for distributions of order r. The following theorem gives a suf- 
ficient condition for a ray class distribution to define a finite-order distribution on 
the group Ggpoo in the sense of ii2.2l We continue to assume that the coefficient 
field E is a finite extension of Qp, and (as before) we write Vp for the valuation on 
E such that Vp{p) = 1. We shall assume for simplicity that the coefficient space V 
is simply E; the general case follows immediately from this. 

Theorem 3.2. Let Q be a ray class distribution modulo p°°Q. Suppose Q has 
growth parameter (ap)p|p, and define 

r = J2epVpiap), 
p\p 
where Cp is the absolute ramification index of the prime p . Then as a locally constant 
distribution on Gp^g, Q has growth bounded by r in the sense of Definition \2.S[ 
In particular, if r <1, there is a unique element Q G D^{Gpoa^E) extending Q. 

Proof. Let p be any prime of K above p. We can choose some integer c > such 
that the p-adic logarithm converges on U^^k = (1 + V'^Op)^ C Op for all k > c, 
and identifies Up^k with the additive group p'^Op. In particular, C/p_c is isomorphic 
to Zp '•'^p'^ and for ?7i > we have 

'^p,c — P Pi'^p — P l-^p — Up^c+epm- 

Now let pi,...,pg be the primes above p and choose a constant Ci for each. 
Then the subgroup U = Up^^a x ■ • • x t/pg,cg is an open subgroup of {Ok "X* Zp)^ = 
nf=i ^Pi^ ^H-d U = Zp . By increasing the Ci if necessary, we may assume that 
the image of [/ in G = Gpoog is torsion- free and hence isomorphic to Zjj for some 
h<[K : Q]. 

Let H be the image of U. Then the image of U^ is HP , clearly; so a lo- 
cally constant distribution on G has order r if and only if there is G such that 
Vpfj,{l^.jjp"') > C — rm (this is just Definition 12.81 but with the group law on G 
written multiplicatively). 

However, we have 

t/^" = nc^p.c,+e,,™ = n(i +pr'^'™opj^ 

i=l i=l 

Thus G/ HP is the ray class group of modulus 

g 

So, if is a ray class distribution with growth parameter (ckp)p|p, then we know 
that the valuation of 9(X) where X is any coset of H^ is bounded below by 
a a 

C - 2j^p("^Pi) •ordp;(f„j) = G' - 'm'22'^p,'"p{'^p,) ^ C' - rm 

i=l 1=1 

for some constants C,G' , where r is as defined in the statement of the theorem. 
So a ray class distribution with growth parameter (ap)p|p defines a locally constant 
distribution on the p-adic analytic group G whose growth is bounded by r, as 
required. D 

Note that this argument does not depend on the dimension of G (which is useful, 
since this dimension depends on whether Leopoldt's conjecture holds for K). This 
result is essentially the best possible (at least using the present methods) when 
there is a unique prime of K above p, or when K is totally real and Leopoldt's 



a 
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conjecture holds (as we show in the next section). However, for other fields K finer 
statements are possible using the theory of quasi-factorizations developed in ij2.3l 
as we shall see below. 

3.2. A converse result for totally real fields. Let us now suppose K is totally 
real. We also suppose that Leopoldt's conjecture holds for K , so the image of 
£ in rinip^p ^^^ rank n — 1 and consequently G = Gp<^ is a p-adic analytic 
group of dimension 1; thus, in particular, the notions of finite-order functions and 
distributions on G are just the standard ones. 
We shall prove the following theorem: 

Theorem 3.3. Let a — (ap)pes he elements of E, and let h G R>o- Then the 
implication 

"Every ray class distribution modulo p°°Q of growth parameter a 
is a locally constant distribution on Gp<x,g with growth bounded by 
h" 

is true if and only if the inequality 

2_] epWp(ap) < h 
peSp 

holds. 



We retain the notation of the proof of Theorem 13. 2 [ so pi, . . . , pg are the primes 
above p, and for each i, q is a constant such that for all k > Ci the logarithm 
map identifies Up.^k with the additive group (pi)™, and the image of C/ = t^pi.ci x 
. . .Up ^c in G is torsion- free and hence isomorphic to Zip. 

Enlarging the Ci further if necessary, we may assume that there is an integer w 
independent of i such that for each i the image of p,J* under the trace map Trj^ /q 
isp'^Zp. Let di = [Kp^ : Qp]. 

Proposition 3.4. For each i there exists a basis bn, . . . , hid^ ofp^'^ as a Zp-module 
such that 

for each j . 

Proof. Elementary linear algebra. D 

Proposition 3.5. The isomorphism 

(where n = [K : QP\ = X]f=i '^*y' given by the bases bn, . . . ,hidi for 1 < i < g 
identifies the closure of £ HU with the submodule 

d 
A = {(xi,...,Xd)eZ^:^x,=0}. 

j=i 

Proof. With respect to the basis 6i,...,6e./; of p^% the trace map is given by 
[xi , . . . , Xdi ) '-T' P™ X^i ^j ' ^o our isomorphism 

c/^Hp^'^z^ 

i=l 

identifies A with the elements of U whose norm down to Q is 1. However, since U 
is torsion-free, any u G U r\£ satisfies Norm^/Q(u) = 1, so A contains the closure 
oi £ nU, which we write as A'. 
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By Leopoldt's conjecture (which we are assuming), A' has Zp-rank Z" ^, the 

A_ 
A' 



same as A; so the quotient -^ is finite. However, we obviously have 



and -^ = U{p°°,p'l^ . . . pg') is torsion-free, so we must have A = A'. D 

Proposition 3.6. Let H he the image of U in Gp^^, and let Hm = H^ as 
above. Suppose m > 1. Then if ri, ■ ■ ■ ,rg are integers such that the image in G of 
Up-^^n X ■ ■ ■ X Up ^r is contained in Hm, we must have ri > Ci + Cim for all i. 

Proof. If the image oi Up-^^n x ■ ■ ■ x Up ^r is contained in Hm, then the same must 
also be true with (ri, . . . , rg) replaced by {r[, . . . ,rg) where r[ = sup(ri, Ci). So we 
may assume without loss of generality that r^ > Ci for all i. Now the result is clear 
from the above description of the image of the global units. D 



This result clearly implies Theorem 13.31 

Remark 3.7. Curiously, the results above seem to conflict with some statements 
asserted without proof in [Pan94J (and quoted by some other subsequent works). 
The group studied in op.cit. corresponds in our notation to Ggpoo, where q is the 
product of the infinite places, and K is assumed totally real. (Thus Ggp<xi corre- 
sponds via class field theory to the Galois group of the maximal abelian extension 
of K unramified outside p and the infinite places; it is denoted by Galp in op.cit..) 
In Definition 4.2 of op.cit., a locally constant distribution /i on Ggp<x is defined 
to be 1-admissible if 

sup|Ai(la+(m))| =o(|m|p^) . 

a 

Paragraph 4.3 of op.cit. then claims that a 1-admissible measure extends uniquely 
to an element of i)^'^(Gj,poc , E) which, regarded as a rigid-analytic function on the 
space Xp parametrizing characters of G^p-^, has growth o(log(l + X)). 

This is consistent with Theorem l3.2l and Theorem 13.31 above if there is only one 
prime above p. However, if there are multiple primes above p, it is not so clear how 
|m.| is to be defined for general ideals m | p°° of K, and the uniqueness assertion 
of Conjecture 6.2 of op.cit. (which is asserted to be a consequence of the theory of 
/i-admissible measures) contradicts Theorem 13.31 of the present paper. 

3.3. Imaginary quadratic fields. Let K be an imaginary quadratic field. If p is 
inert or ramified in K then there is only one prime p oi K above p, and hence there 
is no obvious direct sum decomposition of LieGpoc ^ Kp. On the other hand, we 
can find one when p splits: 

Corollary 3.8. // K is imaginary quadratic and p — pp is .split, then the images 
o/LieO^ and LieO^- in q = Lie(Gj,oo) form a quasi-factorization. 

Proposition 3.9. Let ^ he a ray class distribution modulo p°°g with growth pa- 
rameter {ap,a-p). Then fi has growth bounded by {vp{ap) , Vp(a-p)) in the sense of 
Definition \2.14\ 

Proof. Clear by construction. D 

Combining the above with Theorem 12. 151 we have the following: 

Theorem 3.10. Let K be an imaginary quadratic field in which p — pp is split, 
and let Q be a ray class distribution modulo p°°Q with values in V and growth 
parameter [ap^Op). Let r = Vp{ap) and s — Vp{a-p). Ifr,s < 1, then there is a 
unique distribution 

eeD'^'-^'\Gp^,E)(x)EV 
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such that the restriction ofO to LC{Gp^ , E) >S)eV is Q. If we have r + s < 1, then 
Q lies in D^^^ {Gp<xi , E) (S)e V and agrees with the element constructed in Theorem 



3.4. Fields of higher degree. When K is a non-totally-real extension of degree 
> 2, one can sometimes find interesting quasi-factorizations of Gp^ by considering 
subsets of the primes above p. If we identify Gpoo with the Galois group of the 
maximal abelian extension K{p°°)/K unramified outside p, we seek to write K{p°°) 
as a compositum of smaller extensions, each ramified at as few primes as possible. 
We give a few examples of the behaviour that occurs when p is totally split. 

Example 3.11 (Mixed signature cubic fields). Suppose K i& a. non-totally-real cubic 
field, and p is totally split in K, say p — P1P2P3. Then Gp^ has dimension 2 (since 
Leopoldt's conjecture is trivially true in this case), and the images of the groups 
O^ p . in Gpoc give three pairwise-disjoint one-dimensional subspaces of LieGpoo, 
so any two of these form a quasi-factorization. One therefore obtains three quasi- 
factorizations of Gpoc . 

One checks that with respect to the quasi-factorization given by pi and p2, a ray 
class distribution of parameter {ap-^,apr^,ap,^) has growth bounded by (r, s) if and 
only if Vp{ap^) + Vp(ap^) < r and Wp(ap2) -|- Vp{apg) < s. For instance, if all a^ are 
equal and their common valuation h is < ^, then can construct a locally analytic 
distribution (indeed three of them) , while Theorem 13.21 would only apply ii h < ^ . 
For the cases ^ < ft. < 5, it is not immediately obvious whether the interpolations 
provided by the three quasi-factorizations are equal or not, but we shall see in the 
next section that this is indeed the case. 

Example 3.12 (Quartic fields). Suppose K is a totally imaginary quartic field, andp 
is totally split in K. As in the previous example, O^ has rank 1 and thus Leopoldt's 
conjecture is automatic, so Gpoc has rank 3. We can obtain a quasi-factorization 
of Gpoo by considering the images of the Lie algebras of O^ „. for 1 < i < 3; then 
(much as in the previous case) we find that the condition for a ray class distribution 
to have growth bounded by (r, s,t) is that 

Vp{ai) + Vp{a4) < r, 
Vp{a2) + Vp{a4) < s, 
Vpias) + Vp{a4) < t. 



A slightly more intricate class of quasi-factorizations can be obtained as follows. 
We can choose a basis for Lie O^ for each i such that the Lie algebra of the 
subgroup £k corresponds to the subspace A of Q^ spanned by (1,1,1,1). Then 
choosing a quasi-factorization amounts to choosing a basis of the 3-dimensional 
space of linear functionals on Q* which vanish on A. One such basis is given by 
the functionals mapping (xi, 0:2, 2:3, 0:4) to {xi — X4,X2 ~ 2^4, 2^3 — 2:4}, and this 
gives the quasi-factorization we've already seen. However, we can also consider the 
functionals {xi — 2:2,^2 — 2;3,X3 — 2:4}. One checks then that the condition for a 
ray class distribution to have growth bounded by (r, s, t) is 

Vp{ai) + Vp{a2) < r, 
Vp{a2) + Vp{a3) < s, 
Vpias) -|-f;p(a4) < t. 
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One can generalize the last example to a much wider range of number fields 
under suitable assumptions on the position of LiIcSk inside Lie(Zp <S) Ok)^ (which 
amounts to assuming a strong form of Leopoldt's conjecture, such as that formu- 
lated in jCMOQj V 

3.5. A representation-theoretic perspective. For simplicity let us suppose 
that K has class number 1 and g = (1), so G := Gpoo = [//A where U = Jlf^i ^Pi 
and A = O^. Pick real numbers ri, . . . ,rg with r^ e [0, 1) n Vp{E^). 
We consider the inclusion 

where we give U the obvious quasi-factorization. We have, of course, LC{U, E)^ = 
LC{U/A, E) = LC{G, E). The following proposition is immediate from the defini- 
tions: 

Proposition 3.13. Let fx be an element o/_D''"1'-'''3^(J7,-E). Then the restriction 
of jjL to LC{U, E) is a ray class distribution of parameter (ai, . . . ,ag), where the 
tti are any elements with Vp{ai) ~ ri. 

Conversely, any ray class distribution of parameter {ai, . . . , ag) defines a linear 
functional on LC{U,E)^ which is continuous with respect to the subspace topology 
given by the inclusion into C^'^'^''"''^^'{U, E). 

However, even though LC{U,E) is dense in C^-^^'---'^<'\U,E), it does not neces- 
sarily follow that LC{U,E)^ is dense in C^''^ ''''<') (C^, -E)^; the completion of the 
invariants may be smaller than the invariants of the completion. 

Example 3.14. Consider the case where U is Z^ with its natural quasi-factorization, 
and A is the subgroup {{x,y) : x + y — 0}. Then a continuous function / : 
U —!■ E IS A-invariant if and only if there is a function h G C'^{Zp,E) such that 
f{x,y) — h{x + y). So the coefficients in the Mahler-Amice expansion f{x,y) = 

J2m,n '^™,n(m) (n) ^^^ S^^^^^ ^y am,n = &m+n, whcrC h{x) = I]„>o ^n (^) • SinCC the 

functions pL'-i<?('»)+'-2^(n)J (^) ^y^ ^re a Banach basis of C^''^^''^^ {U, E), we see that / 
is in this space if and only if 

lim Vp{brn+n) ~ ril{m) - r2i{n) = oo. 



m.n— ^oo 



The supremum of ri£{m) + r2i{n) over pairs (m, n) with to -f n = fc is (ri + 
r2)i{k) + 0{1) as fc — > oo, so this is equivalent to 

lim Vp{bk) - (ri + r2)i{k) = cx), 

k—^oo 

which is precisely the condition that h is C" where r = ri+r2. Moreover, this gives 
a Banach space isomorphism between C"'(Zp, E) and C^''^'''^ -'([/, E)^ preserving the 
subspaces of locally constant functions, so if ri -f r-2 > 1 we see that LC{U, E)^ is 
not denseinC(''i'''2)(t/,^)'^. 

Remark 3.15. In ij3.41 we gave criteria for locally constant functions on [//A to be 
dense in a Banach space whose topology is coarser than that of C^''i'''''''^(C/, E)^. 
This in particular implies that such functions are dense in C'^''^'"''"''^ (C/, E)^ in these 
cases, and hence that the multiple possible choices of auxilliary quasi-factorizations 
considered in the examples above do all give the same distribution on G when they 
apply. 

4. Construction of p-adic L-functions 

We now give the motivating example of a ray class distribution: the distribution 
constructed from the Mazur-Tate elements of an automorphic representation of 
GL2 /K. 
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4.1. Mazur— Tate elements. Let K he a number field, and 11 an automorphic 
representation of GL2 /K. We make tlie following simplifying assumptions: 

(1) n is cohomological in trivial weight, i.e. the (g, iiroo)-cohomology of 11 
does not vanish, where Koa is a maximal compact connected subgroup 
of GL2(X(8)R); 

(2) the central character of 11 is trivial. 

Conditions (1) and (2) are satisfied, for instance, if 11 is the base-change to K of 
the automorphic representation of GL2 /Q attached to a modular form of weight 
2 and trivial nebentypus. It follows from (1) and (2) that there exists a finite 
extension F/Q inside C such that the GL2(A^)-representation n°° can be defined 
over F, and in particular the Hecke eigenvalues ai(n) for each prime ( of K are in 
Of. 

Theorem 4.1 (Shai Haran). Under the above assumptions, there exists a finitely- 
generated Op-submodule An of C, and for each ideal f of K coprime to the con- 
ductor o/n an element 

ef(n) e Z[Gf] ®z An, 
where Gf is the ray class group modulo f, such that the following relations hold: 
(i) (Special values) If lj is a primitive ray class character of conductor f, then 

where if(n, — ) denotes the L-function ofW without the Euler factors at 00 or 
at primes dividing f, and t{uj) is the Gauss sum (normalized so that |T(a;)| = 

(a) (Norm relation) For 1 a prime not dividing the conductor of H, we have 



n o /m ^ J («'(n) - ^1 - '^r') 0f (n) */ 1 1 f, 
\at(n)e,(n)-ef/i(n) z/i|f. 



Norm 'Of I (n) 



where a\ denotes the class of { in Gf. 

Proof. See (Har87aj . (Note that in the main text of op. cit. it is assumed that K is 
totally imaginary, but this assumption can easily be removed, as noted in section 

7.) D 

Remark 4.2. In fact one can obtain essentially the same result under far weaker 
assumptions: it suffices to suppose that 11 is cuspidal, cohomological (of any weight), 
and critical. However, the necessary generalizations of Shai Haran's arguments are 
time-consuming, so we shall not consider this more general setting here. For the case 
when K is totally real, but 11 has arbitrary critical weight and central character, 
see |Diml3| . 

We refer to the elements 6f(n) e Z[G'f] ®z An as Mazur-Tate elements, since 
they are closely analogous to the group ring elements considered in |MT87| . The 
coefficient module An is in fact rather small, as the following result (an analogue 
of the Manin-Drinfeld theorem) shows: 

Proposition 4.3. The Op-submodule An C C may be taken to have rank 1. 

Proof. We know that An is finitely-generated, so it suffices to show that F ®Of ^n 
is 1-dimensional. 

To prove this, we must delve a little into the details of Shai Haran's construction. 
The elements Of(H) for varying H are all obtained from a "universal Mazur-Tate 
element" in the module Z[Gf] ® H^^{Y, Z), where y is a locally symmetric space 
for GL2(A/4:) and H^^ is Borel-Moore homology (the homological analogue of 
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compactly supported cohomology) . Here r = ri + r2, where ri and r2 are the 
numbers of real and complex places of K. The element 6f(n) is obtained by 
integrating the universal Mazur-Tate element against a class in Hp^^{Y, C) arising 
from n. However, it follows from the results of jHar87b] that there is a unique 
Hecke-invariant section of the projection map 

and the H-isotypical component of HJ^{Y,C) is 1-dimensional and descends to 
HJ^{Y,F). Thus, after renormalizing by a single (probably transcendental) com- 
plex constant depending on H, the Mazur-Tate elements for H can be obtained as 
values of the perfect pairing 

H^^{Y,F)xH^{Y,F)^F, 

so we deduce that F C^Of ^n has dimension 1 as claimed. D 

4.2. Stabilization. We now introduce "p- stabilized" versions of the 0f(H), again 
following |Har87a) closely. Let p be a rational prime and let Sp denote the set 
of primes of K above p. We assume that none of the primes p G Sp divide the 
conductor of H. 

Definition 4.4. A p-refinement o/H is the data of, for each p G Sp, a root ap (1 F 
of the polynomial 

Pp(H) =X^- ap{U)X + 7V^7q(p) G F[X] 

(the local L-factor of II at p). 

We write /3p for the complementary root to ap . By enlarging F if necessary, we 
may assume that the ap and /3p all lie in F. 

We introduce a formal operator Rp on the 9f(H)'s by Rp ■ 0f(H) — 0f/p(H) 
whenever p \ f. Then it is easy to see that the Rp for different p \ f commute with 
each other, so we can define 

0;(n) = a-M n(i-/3p^p) e^n), 

\peEp / 

whenever f is divisible by all p G Sp and we set 



a, := n 

peSp 



-"p(f) 



Then one checks that we have 



Norni|''e;p(H) = eJ(H) 

whenever all p G Sp divide f. We can therefore extend the definition of 0f(H) 
uniquely to all f in such a way that this formula still holds. 

Corollary 4.5. Let q be a modulus of K and let ^ = p°^Q. The elements 

{0'f(n):f|y} 

defined above form a ray class distribution modulo ^, with values in F ®Of ^n a^^c? 
growth parameter (ap)pgSp • 
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4.3. Consequences for p-adic L-functions. We now summarize the results on 
p-adic i-functions that can be obtained by applying our theory to the ray class 
distributions constructed in i i4.2l 

Theorem 4.6. Let K be an arbitrary number field and let 11 be an automorphic 
representation satisfying the hypotheses (1) and (2) of i j.^.i[ and unramified at the 
primes above p. Choose a finite extension F/C^p containing the Hecke eigenvalues 
of n, and let a — (ap)pgs be a p-refinement of 11 defined over F . If we have 

ft- = ^ epWp(ap) < 1, 
peSp 

then there is a unique distribution ^^^^(n) £ D'^{Gpoo ^ F) ®Of -^n such that for 
all finite- order characters lu of Gp^ which are ramified at every prime above p, we 
have 



(2) Lp,„(n)(a;) = I I I a 




-ordpf I L(n,uj,l) 

P,a^-n-;- 1 11 "P I r{u:)-\f\-{4Tr)[^--Q]' 



where f is the conductor of uj. 

Theorem 4.7. Let K be an imaginary quadratic field in which p ^ pp splits, and 
let n be an automorphic representation satisfying the hypotheses (1) and (2) of 
^4-l\ o-nd unramified at p and p. Choose a finite extension F/Qp containing the 
Hecke eigenvalues of II, and let a = (ap^a^-) be a p-refinement of II defined over 
F. 

If we have 

r = Vp{ap) < 1 and s — Wp(ap-) < 1, 

then there is a unique distribution ^^.^(11) G D^^'^' {Gpoa , F) ^Op An satisfying the 
interpolating property ^. 

Note that every 11 will admit at least one p-refinement satisfying the hypotheses 
of Theorem l4.7l and indeed if 11 is non-ordinary at p and p then all four p- refinements 
do so; but at most two of the four p-refinements, and in many cases none at all, 
will satisfy the hypotheses of Theorem 14.61 

Remark 4.8. Applying Theorem 14. 71 to the base-change of a classical modular form, 
we obtain Conjecture 6.13 of our earlier paper [LZllj for all weight 2 modular forms 
whose central character is trivial. 

Remark 4.9. Examples of ray class distributions appear to arise in more or less 
any context where p-adic interpolation of L-values of non-ordinary automorphic 
representations over general number fields is considered. For instance, the works of 
Ash-Ginzburg [AG94] on p-adic L-functions for GL2„ over a number field, and of 
Januszewski on Rankin-Selberg convolutions on GL„ x GL„_i over a number field 
[Janllj . can both be viewed as giving rise to a ray class distribution (with some 
parameter depending on the Hecke eigenvalues of the automorphic representations 
involved). Thus the theory developed in this paper allows these works to be ex- 
tended to non-ordinary automorphic representations of (sufficiently small) non-zero 
slope. 

5. The Op = case 

We now concentrate on a special case of Theorem 14.71 where K is imaginary 
quadratic with p split and ap (H) — ap-(n) = (as in the case of the automorphic 
representation attached to a modular elliptic curve with good supersingular reduc- 
tion at the primes above p, assuming p > 5). Then the two Hecke polynomials at 
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p and p are the same, and we write {a, /3} for their common set of roots, which are 
both square roots of —p and in particular have valuation 1/2. Thus Theorem 14.71 
furnishes four p-adic L-functions. 

Remark 5.1. None of these four L-functions can be obtained using Theorem 14.61 
Moreover, the restriction of any of the four to a "cyclotomic line" in the space of 
characters of Gpoa - i.e. a coset of the subgroup of characters factoring through the 
norm map - is a distribution of order 1, and thus not determined uniquely by its 
interpolating property. Thus, paradoxically, it is easier to interpolate L- values at a 
larger set of twists than a smaller one. 

We know that the module An has rank 1, and we may choose an i^-basis flu of 
F ®Of ^n- Let us write 



L. 



■p,(a^a)(n) ^j^(l/2.1/2)(g^^^j^) 



and similarly for ^a,i3, M^.q, M^./s- 
Proposition 5.2. The distributions 

A*+,+ = Mq.q + Ma,;3 + f^l3,a + ^-fi^jS 

M+,- = ^^a,a — Ma, (3 + M/3,a — M^,/3 

M-,+ = /-^a,a + ^^a,P — f-p.a — f^j3,l3 

M-,- = t^a,a — P-a^P — M/3,a + M0,/3 

all lie in £)'^'^^^'^-*(G'poo,-F), and have the property that if uj is a finite- order char- 
acter of conductor p"''p"'', with both np,n-p > 0, then /i,.o vanishes at lo unless 
* = (-l)"t> and o = (-1)"F. 

Proof. Clear from the interpolating property of the /i's. D 

Thus each of the distributions /i*,o, for *, o e {+, — }, vanishes at three-quarters 
of the finite-order characters of the p-adic Lie group Gpoo . 

We now interpret this statement in terms of divisibility by half-logarithms. Let 
logj" be Pollack's half- logarithm on O^ = Z^ (cf. [Pol03 ) which is a distribution 

of order 1/2 with the property that logJ"(x) vanishes at all characters x of Z^ of 
conductor p" with n an odd integer (and no others). Similarly, let log" be the half- 
logarithm which vanishes at characters of conductor p" with n positive and even. 
We define log^ and log^ as distributions on Gp^ by pushforward, and similarly 

Proposition 5.3. For *, o e {+, — }, the distribution /x*^o is divisible in D^^{Gpoo) 
by log* log^. 

Proof. We begin by introducing distributions 

P'-\-.a — ^ct.a I l^&^a 

fl+^P == Mq,/3 + M/3,;g 

l^—.a — ^a^a M^,a 

f—,t3 — fJ-aJ — 1^13,(3- 

I claim that /J.+,a and /i+,^ are divisible by logp , and /i-,a and /i-,/3 by log^^. We 
prove only the first of these four statements, since the proofs of the other three are 
virtually identical. If x is any finite-order character such that ?^p(x) (the power 
of p dividing the conductor of x) is positive and odd, then /Lt+,Q vanishes at x by 
construction. 
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Since /j.+,q is in d(i/2'1/2) (Gpoo , F), it follows that it must vanish at any character 
of G whose puUback to O^ „ is of finite order with odd p-power conductor. Hence 
/i+ a is divisible by logj" in D*^^/^'^/^)(Gpoo,F) (and the quotient clearly has order 
(0,1/2)). 

We now apply the same argument in the other variable, to show that ^a.+ = 
IJ-a,a + fJ'a,i3 is divisible by logi, etc. This shows that /i+.+ is divisible by both logj]' 
and log^ . These two distributions are coprime (regarded as rigid-analytic functions 
on the character space of Gpoo, their zero sets intersect in codimension > 1) so we 
are done. D 

Corollary 5.4. There exist four bounded measures 

Lp' ,Lp' ,Lp' ,Lp' GAi?(Gpoo) 



-£'p,(",")(n) _ 1 I r+.+ ^^„+^^„+,T.+ .-^r.rr+} 



such that 

^^^ =\ [Lp+ log+ log± +Lp- log+ log-p 

+Lp^+ log" log^ +L-'- logp- log^ 

and similarly for the other three unbounded L- functions. 

Remark 5.5. If 11 is the base-change to K of a weight 2 modular form, then iXa,a and 
^p^l3 coincide with the distributions constructed in |Kimll] . up to minor differences 
in the local interpolation factors. Hence the above corollary proves the conjecture 
formulated in op.cit.. However, it does not appear to be possible to construct the 
signed distributions L^'~^ etc solely from ^a,a and /X/3,/3; it seems to be necessary 
to use Hap and /i^q as well, and these last two are apparently not amenable to 
construction via Rankin-Selberg convolution techniques as in op.cit.. 
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